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Lagrange's equations are used to examine the long-range interaction 
of bubbles. The Lagrange function equals the kinetic energy of an ideal 
liquid flowing around a bubble. The generalized external forces include 
the upthrust and the viscous resistance to flow around each buble. The 
azimuthal angle is increased by the long-range interaction. The locus 
for the relative motion is calculated for: 1) the case in ~hieh the 
relative speed is fairly high, which allows one to neglect the effects 
of viscosity on the collision time. 2) low relative speed, where the 
viscous forces determine the motion. Estimates are given for the dif- 
ferential effective cross-section for elastic scattering and the 
coalescence cross-section. 

1. Lag - r ange  e q u a t i o n .  C o n s i d e r  a s y s t e m  of  two 

s p h e r i c a l  b u b b l e s  w h o s e  r a d i i  a r e  a i ( i  = 1, 2 ) .  T h e  b u b -  

b l e s  m o v e  w i t h  s p e e d s  u i in  a l i q u i d  w h o s e  k i n e m a t i c  

v i s c o s i t y  i s  v. I t  i s  a s s u m e d  t h a t  t h e  R e y n o l d s  n u m b e r  

R i -- u i a i / v  s a t i s f i e s  1 << R i < 300.  

We assume that the velocity distribution is as for an ideal liquid, 
in which case ~e can derive the Laplace equation for the velocity 
potential apart from the region r I < aiCr i = Iri' I, rl = r  - ri): 

A~ = 0, (i.i) 

in which r i are the coordinates of the center of the i-th bubble. The 
boundary conditions at rl =a i take the form 

n i - - u i  ~ = 0 ,  n .~=  ~. ,. (1.2) 
z Yi 

and also 

(P ~ 0 for r --> cr (1.3) 

Summation with respect to repeated subscripts is understood. Up 
to terms of order (a/r) 3 inclusive (a is the mean radius of a bubble and 
r is the distance between the centers), we get the following expression 
[1] for the potential: 

2 ~ 3 '~t 2 ' 
= _  ~ ,  i ~ ~ q~ ~ r~ . . . .  I__,V, a f l A  ~ rj  'q 

"2--q~i ui , i : ri ,3 2 ~ '  r . 'a  ' 
i = l  j= l  1 

r : [ r l ,  r = r l ' - - r ~ ,  A ~ ' q :  3r=r~ 6 ~  
r5 - -  ra  

I t ,  (a = ~) 
= ~o, (~ 4= ~)" (1.4) 

The Lagrange function for the bubbles in a liquid of low viscosity 
�9 is the kinetic energy of an ideal liquid of viscosity p flowing around 

�9 3 . the system of bubbles, and this to terms of order (a/r) ~s 

T = I/3ap (ax~u~ "- + az8u2 ~ - -  3a~a~u~C'ACt3uj~). (1.5) 

AS p r e v i o u s l y  [2], we de r ive  the  following e x p r e s -  

s ion  for  the  gene ra l i z ed  ex te rna l  forces :  

Q i ~ = - -  ~ -  pa~Sg ~ - 

~=I (1.6) 

Then the L a g r a n g e  equat ion can be wr i t t en  as  

d OT OT 
at Oui Ori - -  Q~ (1.7) 

f o r  t h e  b u b b l e s  in  a l o w - v i s c o s i t y  l i q u i d  up to  t e r m s  
of  o r d e r  ( a / r )  3 i n c l u s i v e :  

dul ~ 3 a ~ c3Af~X 
dt = - - " 5 -  a2 u2p~-a  u 2 Y - -  

or 

duoff aA~ 
dt Or--"~ ltl"~ - -  

- -  2 (g~ § 3 alag~A~a ) - -  ~tSv (U ~ § _ ~ a f l u r ~ A ~ ) .  (1.8) 

T h e  r i g h t - h a n d  s i d e  of  (1.8) c o n t a i n s  a c c e l e r a t i o n s  

d u e  to  t h e  s h o r t - r a n g e  f o r c e  F f r o m  t h e  h y d r o d y n a m i c  

i n t e r a c t i o n ,  w h i c h  d e c r e a s e s  a s  r -4, and  a l s o  due  to  

l o n g - r a n g e  f o r c e s  t h a t  d e c r e a s e  a s  r -3. 

W e  a s s u m e  u~ and  u 2 to  b e  o n  t h e  o r d e r  of  u 0 = g a 2 /  

/ 9 v  ( the  s p e e d  of s t e a d y - s t a t e  r i s e  in a b u b b l e  of m e a n  

r a d i u s  a ) ,  w h i c h  a l l o w s  u s  to  e s t i m a t e  t h e  o r d e r ~  of  

t h e  a c c e l e r a t i o n s  d u e  to  F and  Q: 

C@-] - ~ '  Q ~ ~ 

(1.9) 

T h e n ,  if  we  c o n s i d e r  c o l l i s i o n  in  t h e  r a n g e  

r / a ~ (a ~ / ~ / 9 v ) ~  = R / 9 (1.10) 

w e  c a n  n e g l e c t  Q r e l a t i v e  to F ,  and  E q s .  (1.8) b e c o m e  

t8v dul ~ 3 a s u s0A~Vu~__2g~ ---Z~-F ul , 
dt 2 2 2 Or ~ 

_ i8"~ du2 ~ 3 z ~ OA~ urV 2g~ __ ----z- uo% (1.11) 
dt 2 a l  u l  ar ~ , q~.. 

T h e s e  e q u a t i o n s  a r e  a l s o  s u i t a b l e  f o r  r / a  ~ R / 9 ,  
s i n c e  in  t h a t  r e g i o n  t h e  a c c e l e r a t i o n  due  to  Q i s  n e g l i -  

g i b l e  r e l a t i v e  to g. 
W e  h a v e  s h o w n  [2] t h a t  t h e  L a g r a u g e  e q u a t i o n s  a r e  

a p p l i c a b l e  to  t h e  m o t i o n  i f  t h e  a c c e l e r a t i o n  i s  s u c h  

t h a t  t h e  s p e e d  a l t e r s  l i t t l e  in  a t i m e  a / u  o. L e t  b d e n o t e  

t h e  d i s t a n c e  of  c l o s e s t  a p p r o a c h  b e t w e e n  t h e  p a t h s  of  
t h e  two p a r t i c l e s  in  t h e  a b s e n c e  of i n t e r a c t i o n ;  t h e n  
t h e  m a x i m u m  a c c e l e r a t i o n  d u e  to t h e  p a i r  i n t e r a c t i o n  
is on the order of aSu~/b 4. The velocity change in a 

t i m e  a / u  0 t h e n  s a t i s f i e s  uo(a/b)4 << u 0 i f  ( a / b )  4 << 1. 
E q u a t i o n s  ( l A D  a r e  a p p l i c a b l e  to  t h e  d e s c r i p t i o n  

of r e m o t e  p a i r  c o l l i s i o n s  of b u b b l e s  i f  ( a / b )  4 << 1. 

i f  ( a /b )  4 << 1. 

2. Two b u b b l e s  i n  a n  i d e a l  l i qu id .  E q u a t i o n s  (1.11) 
c a n  b e  r e p l a c e d  b y  s i m p l e r  o n e s  i f  w e  c o n s i d e r  t h e  
c o l l i s i o n  u n d e r  c o n d i t i o n s  s u c h  t h a t  t h e  e f f e c t i v e  c o l -  
l i s i o n  t i m e  T O = b / u -  ( w h e r e  u_ i s  t he  i n i t i a l  r e l a t i v e  
v e l o c i t y )  i s  n e g l i g i b l y  s m a l l  r e l a t i v e  to ~- = a 2 / 1 8 r  , ( the  
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t i m e  of v e l o c i t y  r e l a x a t i o n  in  r e s p o n s e  to  v i s c o s i t y  

and  u p t h r u s t ) .  T h e n  t h e  v e l o c i t y  c h a n g e  a t  a s e p a r a t i o n  

r ~ b i s  d e t e r m i n e d  m a i n l y  by t h e  f o r c e s  p r e s e n t  in  

an i d e a l  l i qu id  in t h e  a b s e n c e  of  e x t e r n a l  f o r c e s .  The  

o t h e r  f o r c e s  c a n n o t  s u b s t a n t i a l l y  c h a n g e  t h e  s p e e d s  

in  t i m e  ~-0. 
T h e n  t h e  v e l o c i t y  c h a n g e  in  t h e  r e g i o n  r ~ b i s  

d e s c r i b e d  by 

du~ ~ 3 OA ~v 
dt 2 ag~z~ ~ t~'t' 

du~ a 3 3 ~ OA~u " 
dt - -  2 al ulo Or - - ~ u l ' '  (2.1) 

w h i c h  a r e  L a g r a n g e ' s  e q u a t i o n s  f o r  two s p h e r e s  m o v -  

ing  in an  i d e a l  l i qu id  in  t h e  a b s e n c e  of  e x t e r n a l  f o r c e s ,  

t h e  L a g r a n g e  f u n c t i o n  b e i n g  d e f i n e d  by  (1.5).  

T h e  L a g r a n g e  f u n c t i o n  i s  i n v a r i a n t  u n d e r  t h e  p a r a l -  

l e l  d i s p l a c e m e n t  r i ~ r i + a ,  a = c o a s t ,  so  t h e  t o t a l  

m o m e n t u m  is  c o n s e r v e d :  

p ~  = /7/1/21 a -~- m2t t2~  - -  

m~ = a ~  s / ( a ~  sq-a. .a) ,  m~ = a ~  a / ( a ~  a @ a~.S). (2.2) 

The  v e c t o r  f o r  t h e  r e l a t i v e  v e l o c i t y  i s  

U = I11 - -  H 2 . 
(2.3) 

T h e  e q u a t i o n  f o r  t h e  c h a n g e  in  u i s  r e a d i l y  d e r i v e d  

f r o m  (2.1): 

0A ~ 
dU~dt - -  23 (a ~ u ~ u  C q_ al3ul[~Uff) Or J "  

(2.4) 

ff (2.2) and (2.3) a r e  s o l v e d  f o r  u~ and u~, n e g l e c t i n g  

t e r m s  of  o r d e r  ( a / r )  ~, w e  h a v e  

u, = P + re:u, u~ = P - -  mtu. (2.5) 

Upon substitution of (2.5) into the right-hand side of 
(2,4), w e  ge t  an  e q u a t i o n  f o r  t h e  r e l a t i v e  m o t i o n  of  

t h e  b u b b l e s :  

du e __ 3 ( a l S  @ a 3 )  ( p ~ p ~  + rn~m~w~u~) 0A ~ (2.6) 
dt 2 Or ~ " 

This equation is solved by successive approximation. As zeroth 
approximation we take the motion without interaction: 

r : b + u _ t  
(2.7) 

where b is the vector for the perpendicular velocity u_ of the relative 
motion before collision, where the length b of the vector equals the 
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distance of closest approach; b lies in a plane passing through the center 
of the second bubble and the path of the relative motion of the first 
bubble in the absence of interaction. 

The first approximation is as follows for the relative velocity u+ 
after collision: 

+co 
3 s 0A';~ 

U+:c ~ -  U-~ - -  " 2  (ala "~- a2 ) i P~ - - O r  a P'~ dt. 
_~ (2.8) 

The last term in (2.6) is the total derivative with respect to time: 

0A ~ .~ d 

(2.9) 

and so the integral of (2.9) ~ith respect to time with infinite limits is 

zero. The integral of (2.8) may conveniently be calculated in the 

coordinate system of Fig. i, where the z-axis lies along u, the x-axis 
is in the plane of u_ and P and is perpendicular to u., and the y-axis 

is perpendicular to the x- and z-axes. The total momentum P in this 

coordinate system has the components 

Px ~ P sin a, Pz = P cos a, (2.s 

in which a is the angle between u_ and P. 
The vectors in the plane z = 0 are defined by the complex numbers 

x + iy. Then vector b takes the form 

b = be i~ = x + ig (2.11) 

The integral of (2,8) in this coordinate system becomes: 

+0o 
3 al aq-a~ a 0~" l' 0 I dz u + ~ u _ - - ~  ~ P ~ s i n  ~:t ~ " ~ 7 "  " (2.12) 

--oo 

It is known from electrostatics that the potential produced by an 
unbounded charged filament with unit charge per length (2 lnb = 
= -2 ReLn b) is the real part of the analytic function. The integral of 
(2.12) is the field strength ~ith that potential. 

The Cauehy-Pdemann conditions give us for an arbitra~r analytic 
function of b = x § iy that 

( 0  0 )  0 di 
+ i ~ aef (b) = ~ / (b) = ~b-" (2.13) 

Then (2.13) gives 

q-co 

d 0 ~ 0 I d 3 
: - -  2 ~ - L n b ,  ? x  ~ t O r - T d z = - - 2 ~ 3 L n b "  

--co 

T h e n  the  r e l a t i v e  v e l o c i t y  i s  

a l  3 - -  a28 . ~ 
u§ = u ~- 6 im sin" ~ ~ ~ e~ ~. (2.14) 

tg_ 

We s e e  f r o m  (2.14) t h a t  u+ r e t a i n s  i t s  l e n g t h  l u + i =  
= [ u -  [ up to  t e r m s  of  o r d e r  ( a /b )  3 i n c l u s i v e  and i s  d e -  

t e r m i n e d  by  t h e  a n g l e  0 b e t w e e n  u+ and  u_ a s  w e l l  a s  

by  t h e  a z i m u t h a l  a n g l e  in  t h e  p l a n e  z = 0. We can  e x -  

p r e s s  0 and ~b in t e r m s  of the  c o l l i s i o n  p a r a m e t e r s :  

0 ~ 6(P / u )  ~ sin 2 ~ (al 3 _u an) / b a, ~2 = 3q).  (2.15) 

The azimuthal angle alters on account of the non- 

central forces during collision. After scattering, par- 

ticles enter the angular range ~b to ~b + de from the 

initial angular range 

1/3 % 1/3 r + I / 3 d ~ .  
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and a l s o  

I n t e g r a t i o n  wi th  r e s p e c t  to ~ a l l o w s  one  to w r i t e  t h e  
d i f f e r e n t i a l  s c a t t e r i n g  c r o s s - s e c t i o n  a s  

dz 2~(a/a)%(a a + an) % p~sin~ dO 
= ~ 0'/~ - -  

( 4 )  [u,• dO 
% (a~  + a~)  w ~ 0~/~ �9 

(2.16) 

The  c o l l i s i o n  t u r n s  t h e  v e c t o r  f o r  t he  r e l a t i v e  v e l o c -  
i ty  t h r o u g h  0. The  v e l o c i t y  c o m p o n e n t  u -  of t h e  m o t i o n  

of  t h e  f i r s t  bubb le  a long  the  i n i t i a l  d i r e c t i o n  a l t e r s  by  

m # _  (1 - -  cos 0) = ~/~ m~u_ 0 ~. (2.17) 

The  k i n e t i c  t h e o r y  of  g a s e s  [3] s h o w s  tha t  t he  t r a n s -  

p o r t  c o l l i s i o n  c r o s s - s e c t i o n  

~t = I ( l  - -  cos O) da (2 

d e f i n e s  q u a n t i t i e s  such  a s  t he  m e a n  v e l o c i t y  c h a n g e  and 
t h e  m e a n  r a t e  of c h a n g e  of  e n e r g y ,  and (2.16) s h o w s  
tha t  t he  m a i n  c o n t r i b u t i o n  to t h i s  c o m e s  f r o m  c l o s e  

c o l l i s i o n s .  We  a s s u m e  tha t  (2.15) a p p l i e s  a s  to o r d e r  

of  m a g n i t u d e  up to 0 ~ 1 to  ge t  

a t ~ g(a~ + a~) ~ [ul• ~ / u_ 4. (2.19) 

I t  i s  of  i n t e r e s t  to e s t i m a t e  the  m a x i m u m  p o s s i b l e  

v a l u e  of a t .  E q u a t i o n s  (2.1) app ly  f o r  b / u _  << aZ/18v, 
i . e . ,  f o r  u_ >> 18vb /a2;  [u 1 x u~] 2 ( u02u2_, so 

at ~ ~/is g (a~ + %)~B. (2.20) 

T h e n  a n e a r l y  i s o t r o p i c  d i s t r i b u t i o n  of t h e  r e l a t i v e  
v e l o c i t i e s  can  l e a d  to t h e  t r a n s p o r t  c o l l i s i o n a l  c r o s s -  
s e c t i o n ;  h o w e v e r ,  a t = 0 f o r  t h e  c a s e  of b u b b l e s  wi th  

p a r a l l e l  i n i t i a l  v e l o c i t i e s ,  a s  (2.19) shows .  
T h e  b u b b l e s  m a y  c o a l e s c e  if  b i s  s m a l l  enough.  

The  p r o b a b i l i t y  of  t h i s  m a y  be  e x p r e s s e d  v i a  a c o a l e s -  

c e n c e  c r o s s  s e c t i o n .  
C o n s i d e r  t he  r e l a t i v e  m o t i o n  in an i dea l  l i qu id .  It 

f o l l o w s  f r o m  (2.6) tha t  the  p r o j e c t i o n s  of  t he  r a d i u s  
v e c t o r  r on the  p l a n e  z = 0 and on the  z - a x i s  a r e  

x + i y = b e  ~ 3 ap + a~ ~ x 
2 It_ 2 

~_f Z" 
oX 

~ c o  - - c o  

3 al 8 +  a28 
Z ~ /~_~: 2 u ~ • 

x S (P~P~ + mlm~u-~t~-~) A ~  dz. 
--oo 

W e  c a l c u l a t e  t he  i n t e g r a l s  v i a  (2.13) to ge t  

x + i y ~ e i  v._~ 3 a l  s - } - a ~  a 

�9 b ~ z  . r - -  (1 + z )  sin 2 ~ e ~ l - - - ~  sin 20r ~e ~ + 

b s b a . 
+ --~ ( cos~ o~-- sin~ o~ cos~ ~) e~I + mlmz--~-e~) 

(2.21) 

z = u_t 2 b s 

b% 
/cos~ ~r - -  sin ~ :r cos ~ ~0~ - -  /,8 \ / /  

ba q b2z ) 
s i n  2~ cos ~ - ~ 1 ~  ~ r 3 A ~ J  

(2.22) 

T h e  c o n d i t i o n  f o r  (2.22) to be  a p p l i c a b l e  i s  (a /b)  3 • 
(P /u_)  2, w h i c h  is  o b e y e d  s i n c e  u_ >> 18 v b / a  2, p ~ u 0 

f o r  l o n g - r a n g e  c o l l i s i o n s  w i t h  b >> a ( R / 1 8 ) 2 / 5 .  C o l -  

l i s i o n s  at s h o r t e r  d i s t a n c e s  in t he  r a n g e  a ~ b 
a ( R / 1 8 ) 2 / 5  p r o d u c e  s c a t t e r i n g  t h r o u g h  l a r g e  ang l e s ,  

w h i l e  c o a l e s c e n c e  can  o c c u r  if  b ~ a .  
T h e  l o c u s  of (2.22) t a k e s  an e s p e c i a l l y  s i m p l e  f o r m  

f o r  t h e  c o l l i s i o n  of b u b b l e s  w h o s e  i n i t i a l  v e l o c i t i e s  

a r e  p a r a l l e l  (a  = 0): 

x + i y = b e ~ * ( l + e b r ~ - ) ,  z = u f l ( t + e ~ ) ,  

(2.23) 

T h e  c o a l e s c e n c e  c r o s s  s e c t i o n  fo r  a r e l a t i v e  v e l o c -  
i ty  of u >> 18v/a  wi th  a = 0 shou ld  be  s o m e w h a t  l e s s  
t han  v(a  t + a2 )2, t he  g e o m e t r i c a l  c o l l i s i o n  c r o s s  s e c t i o n .  

3. Q u a s i - s t a t i o n a r y  p r o b l e m .  C o n s i d e r  a c o l l i s i o n  
f o r  wh ich  the  e f f e c t i v e  c o l l i s i o n  t i m e  r 0 = b / u  i s  l a r g e  

r e l a t i v e  to t h e  v e l o c i t y  r e l a x a t i o n  t i m e  T i = a ~ / 1 8  v( i  = 

= 1, 2) f o r  e a c h  bubb le .  T h e n  the  a c c e l e r a t i o n  of a 

bubble  is  

du_A ~ ui/% , 
dt 

which  m a y  be  c o n s i d e r e d  n e g l i g i b l e  r e l a t i v e  to  t he  

v i s c o u s  f r i c t i o n .  
T h e  e q u a t i o n  of m o t i o n  f o r  t h e  b u b b l e s  c a n  be  w r i t t e n  

a s  

0A ~ 
ul ~ = __ 2Tlg ~ _ 32  a~aTltt~ ~ 0 - r  ' ' '--z- It~'  

u2 ~ = __ 2,%g~ + + alsT2ul ~ 0A97 
Or-- ~ Ul "~ . 

T h e  s p e e d  of  t he  i - t h  bubb le  d i f f e r s  l i t t l e  f r o m  
- 2 ~ i g %  so (3.1) can  be  r e p l a c e d  by 

0A ~ 
ul~ = __ 2~:1g~ ~ 6a23zl%~g~ ~r  ~ gv 

(3.1) 

g a 2 ~ 0ASV 
u~ ~ = - -  2%g ~ + oal ~ z~gp ~ 7  gv (3.2) 

We a s s u m e  tha t  la  I - a 2 I <<a; a ~ a l ,  to  ge t  t he  

e q u a t i o n  f o r  t h e  r e l a t i v e  m o t i o n  a s  

~=--dradt 2ATg~ - -  12a3xag~ ~ g~ 

AT = ~1 - -  ~ ,  ~ = ~1 (3.3) 

E q u a t i o n  (3.3) t a k e s  t he  fo l l owing  f o r m  in  t h e  p o l a r  
c o o r d i n a t e  s y s t e m  r ,  0 (r  = [ r [ ,  0 i s  t he  ang l e  b e -  

t w e e n  g and r ) :  

_ _ ~  8 a 2 3 C 0 S ~ 0 - - 1  dr 2ATg cos 0 + 36a v g 
dt  r a 

dO (3.4) r -~- - -  2A~g sin 0 + 36a3~ag ~ sin20 = ~r �9 
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Then the locus  of the r e l a t i v e  mot ion  is  

d ~  3 c o s  ~ 0 - -  t - -  ~ c o s  0 

~dO sin 20 -- ~4 sin 0 ' 

__ ~ [4A~ak' l , ,  ( A a  = a l  - -  a~'~ 
~ - -  a \ R a )  ~R-~-gaS/9~2]" ( 3 . 5 )  

In tegra t ion  of (3.5) g ive s  a fami ly  of loc i  in t e r m s  

of p a r a m e t e r  C: 

~" sin ~ 0 = C :~ ] / 'C 2 - -  s i n  3 0 sin 20. ( 3 . 6 )  

F i g u r e  2 shows the in t eg ra l  c u r v e s  in ~, 0 c o o r d i -  
na tes .  Equat ion (3.5) has  a s ingular  point,  with the 

saddle  point at 

oo~ 0o = l / VsS ~o' = 2/r 

The in teg ra l  cu rve  of (3.6) p a s s e s  through that  

point  ff 

C = Co = dl.0 '~' ~ 0.76, 

The mot ion  along the locus  is d e s c r i b e d  

dO _ __ sin 0 sin 20 ~ - ~ ; -  + ~ , 

~-- 9kRa] v t .  (3.7) 

We see that the bubbles interact in a region whose 
dimensions are of order ~ = I, while the duration of 

the interaction is on the order of ~ = I. However, 

the interaction time increases substantially if C - 

- C 0<< C o , and then the locus near 00 =arecos~5/5 

is 

~ = .% [c + Y c~ - Co . + %~-y~- ( o -  00) 2] 

The fol lowing is  the t i m e  taken to t r a v e r s e  the p a r t  
of the locus  f r o m  0 = 0o to 00 - A0:  

dx _ C0h0 

and this has logarithmic divergence as C approaches 

C O �9 
We thus can assume that the bubbles have an un- 

stable coupled state with a finite lifetime. 

Equations (3.2) apply if b/u_ ~> a2/18u, i.e., Aa/a 
Aa/a << 9b/Ra a r >> a; however, if we suppose 

that these equati~..3 are suitable for describing the 

motion also when r ~ a, collision with direct contact 

occurs if 

b ~ bo ~-:a]/'-Co (Ra / A a)V, = 0,88 a (Ra / Aa)V,. 

The following is the largest cross section leading 

to fusion: 

~c = ga~Co ] / ' ~  Aa . (3.8) 

-g 

Fig. 2 

Now b < b 0 for these  coll isions,  so we get a s  follows 

f rom the conditions for (3.2) to apply: 

Then in this approximation 

~c >~ ~a2( R / 3)'/,. 

The divergence of the cross section for Aa ~ 0 is 

unimportant in calculating the mean number of collisions 

in unit time per bubble for a system with an average of 

N bubbles per unit volume: 

Ndt = --2- u~-~~ ~ , 
(3.9) 

if the mean  radius  of a bubble is a and the standard 

deviation A a sa t i s f i e s  

Aa/,~ ~ (9 / R ~ V~o)VOa. 

The rate of coalescence for bubbles similar in 

radius is then 

dw 
Ndt ~ 3 R V ' ~ a ~  -N .  

(3.10) 

These estimates show that the coalescence probabil- 

ity for bubbles of similar radius is on the same order 

as the collision probability for bubbles of radius of 

order a but differing appreciably in size, which ap- 

proach one another at a speed u_ ~ ga2/pu, provided 
that the coalescence cross section is a c ~ ~a 2. 

We are indebted to V. G. LevichandV. V. Tolmachev 

for discussions. 
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